Let u/ be a variety of semilattice modes with associated semiring R. We prove that if R is a bounded distributive lattice, then ~f-has the amalgamation property. We show that the converse is true when ~U is locally finite.
Introduction
The paper [3] analyzes the structure of semilattice modes and shows that, in many ways, semilattice modes are very similar to varieties of modules. We prove results in [3] which show that a number of the categorical and algebraic properties of varieties of modules are shared by varieties of semilattice modes. Most importantly, there is a commutative semiring associated with a variety of semilattice modes and each subdirectly irreducible semilattice mode is polynomially equivalent to a semimodule over the associated semiring.
In this paper, we point out a difference between varieties of modules and varieties of semilattice modes: all varieties of modules have the amalgamation property, but few varieties of semilattice modes have this property. Assume that ~U is a variety of semilattice modes and that R is the associated semiring. We show that if R is a bounded distributive lattice, then ~ has the amalgamation property. Conversely, if U is locally finite and has the amalgamation property, then R must be a bounded distributive lattice. We give an example to show that when ~ is not locally finite, then it is possible for ~ to have the amalgamation property even if R is not a bounded distributive lattice.
Preliminaries
We briefly review the material from [3] which will be needed in this paper. We expect that the reader will be familiar with the material in [5] and [6] to the degree that we need not review basic algebra or the definition of a mode. A semilattice mode is a mode which has a binary term operation which is a semilattice operation. If U is a variety of semilattice modes, then [3] proves that one can associate a semiring R(U) to U which determines most of the properties of U. We explain now how R(U) is constructed.
F~(x, y) denotes the free algebra on the set {x, y} in the variety U. Let R be the subuniverse of Fv(x, y) which is the image of the endomorphism determined by x~--~x+y,y~--~y. We define R(U) so that it has universe R and operations , +, 1, 0 which are defined as follows. For s, t e R, we define s 9 t to be the element et(s ) where e t is the endomorphism of F~(x, y) determined by x ~ t, y ~-~ y. The operation + is just the semilattice operation of the variety (which is uniquely determined), + is an operation on R, since R is subuniverse of F~p(x, y). 1 denotes the element x + y ~ R and 0 denotes the elements y ~ R. The structure R(U) = (R;., +, 1, 0) is called the semiring of U. Let us describe an alternate construction of R(U) which the reader will readily see agrees with the one above. This time we take for the universe of R(U) the set of all binary terms r(x, y) of U, modulo U-equivalence, for which U ~ r(x, y) + y = r(x, y).
If s and t are such terms, then s.t,=s(t(x,y),y)
is another, as is s+t:s(x, y) + t(x, y), 1 ,=x + y and 0:=y. The collection of these binary terms under the described operations forms a semiring isomorphic to the one in the preceding paragraph. Here is the isomorphism: for a binary term r, take its interpretation in F = F~(x, y) and apply r v to the generators x and y. The assignment r ~-~ rV(x, y) is easily seen to be a bijection from the set of binary terms r (modulo U-equivalence) satisfying r(x, y) + y = r(x, y) onto the set R. The operations can easily be seen to correspond.
Let t(x o .... , xn_ 1) be a term of U. For each i < n, we define /~(x, y) to be t (y ..... y,x,y ..... y) +y. For each i <n, the element ~ = ~(x,y) may be construed to be an element of R(U), according to the second construction of this semiring. We call ~ the ith coefficient of t. We call toOXo+'" +{,_~exn_l the coefficient representation for t. The point of making these definitions is that
